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We perform a full configuration-interaction study on a square quantum dot containing several electrons in
the presence of an attractive impurity. The magnetic ordering in the dot is analyzed using appropriate pair-
correlation functions. We find that a change in the size of the quantum dot can change the nature of the
impurity from nonmagnetic to magnetic. In the low-density regime, the impurity traps one electron and the
magnetic moment on the localized peaks outside the impurity fluctuates from negative to positive going
through zero as a function of number of electrons. We also observe that the impurity changes the charge
densities of excited states of two-electron quantum dot significantly, which in the absence of the impurity are
almost similar. Our study also shows that in the strongly correlated regime the configuration-interaction ap-
proach yields �20% more localization than density-functional theory. It has also been observed that only a
small fraction of the total number of Slater determinants are required to produce �99% of the converged
charge density.
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I. INTRODUCTION

Modern day technology has enabled us to fabricate nano-
scopic devices in which electrons are confined by means of
an external electrostatic field in a tiny island. Such artificially
confined electrons are called quantum dots. The number of
electrons in these artificial atoms is highly tunable.1–4 The
external confining potential can also be designed at will.3

The parabolic potential is the most commonly considered
model theoretically, but a square well, a triangular well, and
other potentials have also been used routinely.3,5–7 In the
present work we consider the external confining potential to
be a square well, where confinement effects influenced by
the geometry are rather prominent. Square quantum dots
have been analyzed by several authors.3,7–9 For an extensive
review on quantum dots, we refer the reader to Refs. 2 and 3.

Quantum dots have been studied theoretically by various
methods such as spin-density-functional theory
�SDFT�,3,5,7–12 quantum Monte Carlo �QMC�,13,14 coupled
cluster,15,16 and configuration interaction �CI�.3,17–20 The
SDFT has proven successful in treating a variety of many-
body problems including quantum dots.18 The SDFT enables
one to handle large systems with considerable ease. How-
ever, the SDFT, having the form of a mean-field theory, is
known to have some limitations, such as broken
symmetry.9,11,12

The CI method, on the other hand, provides a numerically
highly accurate solution to the many-body Schrödinger
equation.21 The CI method is extensively used in electronic
structure calculations, especially in quantum chemistry. Al-
though the CI is computationally expensive, it has proved to
be invaluable in probing the effects of electron-electron cor-
relations especially for systems having small number of elec-
trons ��10�. For larger systems methods based on density-
functional theory �DFT� are the obvious choice, but for

smaller systems the assessment of the results of such meth-
ods by CI is always warranted.

The effect of various impurities on the properties of quan-
tum dots has been a subject of interest in the recent
years.9,22–26 Our earlier study9 has brought out the effect of
an attractive impurity on the electronic structure of the quan-
tum dots. The study was carried out using SDFT for a dot
containing from 2 to 20 electrons with a wide range of dot
sizes. It was observed that the impurity induces a localized
magnetic moment that in many cases generates spin-
polarized configurations with an antiferromagnetic coupling.
Reusch and Egger26 have used path-integral Monte Carlo to
study the effect of an impurity on quantum dots near the
Wigner molecule regime. Räsänen et al.22 have studied the
effect of an impurity placed in the vicinity of a quantum dot
on the single-electron-transport spectrum. They have ob-
served that the impurity evens out the state alternation as a
function of magnetic field. The electronic structure of a
spherical quantum dot with an impurity has been studied by
Şahin and Tomak.23 They have found that the capacitive en-
ergy increases in the presence of an impurity. Studies of an
off-center hydrogenic impurity have been carried out by
Movilla and Planelles.24

It is well known that in the low-density regime the corre-
lations are crucial. A recent study by Ghosal et al.14 has
demonstrated the correlation-induced inhomogeneity in the
electronic structure of the quantum dots. Our earlier work9

was carried out with SDFT and it is necessary to test those
results using a many-body technique. In the present work we
apply the full CI method on a square quantum dot containing
up to six electrons in the presence of a central attractive
impurity. Our correlation analysis shows that upon increase
in the size of the dot the central impurity changes its nature
from nonmagnetic to magnetic. We also study extensively
the nature of excited states of two-electron quantum dot and
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the effects of impurity on the same. We also compare the CI
results with SDFT wherever applicable where we find that
the SDFT does produce qualitatively correct results.

The paper is organized as follows. In Sec. II, we describe
the computational techniques used in the paper. Section III A
describes the properties of the quantum dot without an im-
purity, including the excited states of the dot as well as the
ground-state properties. The effect of an impurity is dis-
cussed in Sec. III B in a similar manner. We conclude in Sec.
IV.

II. COMPUTATIONAL DETAILS

The quantum dot is modeled as N interacting electrons
confined in an external confining potential. The dot is as-
sumed to be quasi-two-dimensional. For such a system the
Hamiltonian can be written in the effective-mass approxima-
tion as3

H = �
i=1

N �−
���i�2

2m�
+ Vext�ri�� + �

i�j

e2

4���0�ri − r j�
. �1�

For a GaAs quantum dot the effective mass m�=0.067me and
the dielectric constant �=12.4. The length is expressed in the
effective Bohr radius a0

�=9.7 nm and the energy is given in
effective hartree, 1 Ha�=11.9 meV.

The confining potential is modeled as a square well with
hard walls and is of the form

Vext�x,y� = � 0, 0 � x � L; 0 � y � L

V0, otherwise,
	 �2�

where L is the length of the quantum dot and the barrier
height V0=100 Ha�. In the case of a dot with an impurity,
we also add to the Hamiltonian the impurity potential, which
has the form

Vimp�x,y� = − Ae−��x2+y2�, �3�

where A is set to 8 Ha�, 1 /�=1.182a0
�2, and the width of the

impurity is �1.5a0
�. The parameters for the impurity remain

unchanged irrespective of the size of the dot. These param-
eters have been adjusted in such a way that for the single-
electron case it only contains one bound state. While the
width of the impurity is generally too large for a single
atomic impurity, it enables us to study explicitly the role of
many-body effects on the magnetic behavior. It should be
noted that we do not assume an effective magnetic impurity
by adding a Heisenberg-type term JS ·� to the Hamiltonian
�where S is the electron spin and � is the spin of the impu-
rity�. Rather, we add an attractive well explicitly and deter-
mine the resulting magnetic properties by a many-body cal-
culation.

The size of the dot determines the density parameter rs,
with respect to which all the physical parameters are calcu-
lated and which is defined as

rs = L
 1

�N
. �4�

It is an approximate average Wigner-Seitz radius calculated
by assuming the electron density is uniform across the

square-well confining potential. Schrödinger’s equation,
H�	�=E�	�, is now solved using the CI method. The
N-electron wave function �	� has the form

�	� = �
I=0

cI�
I� = c0�
0� + c1�
1� + c2�
3� + ¯ , �5�

where �
I� is the Ith Slater determinant and I ranges over all
possible Slater determinants �configurations�.

In general CI uses a variational wave function �	� that is
a linear combination of Slater determinants built from a com-
plete set of orbitals. In the present work we have used Kohn-
Sham orbitals, obtained self-consistently in the local-density
approximation,27,28 as the basis set. Following a convention
similar to that of Szabo and Ostlund,21 the N-electron wave
function �	� in this basis set can be written as

�	� = c0�
0� + �
ra

ca
r �
a

r� + �
a�b,r�s

cab
rs �
ab

rs � + ¯ , �6�

where �
0� is the ground-state Slater determinant, con-
structed from the orbitals and obtained self-consistently us-
ing SDFT. Other determinants are described by how they
differ from this �
0�. According to the convention, in �
0�,
a ,b ,c ,¯ are the occupied single-particle orbitals, while
r ,s , t ,¯ are the unoccupied orbitals. Thus �
a

r� is the singly
excited determinant �“singles”�, that is, a Slater determinant
formed by exciting one electron from the single-particle or-
bital a to r. Similarly, the doubly excited determinant
�“doubles”� �
ab

rs � is a Slater determinant obtained by exciting
two electrons from occupied orbitals a and b to unoccupied
orbitals r and s, respectively.

The actual calculation is carried out in two steps. First we
obtain a set of single-particle orbitals by solving the Kohn-
Sham equations self-consistently. This basis set contains both
the occupied and the unoccupied orbitals. Second, we trun-
cate the number of single-particle orbitals, obtained from
earlier step, and generate a CI expansion using a recently
developed CI method employing a numerical basis set of
SDFT orbitals.29 Further we also fix the Sz value for the
system �that is, the number of up and down electrons�,
thereby fixing the number of possible Slater determinants
�configurations�. Thus, as an example, for a four-electron
quantum dot we need three sets of calculations with Sz=0, 1,
and 2. Once we have a given set of orbitals �and configura-
tions� we carry out the full CI expansion, where we take all
possible excitations into account.

Our choice of DFT orbitals over conventional Hartree-
Fock �HF� orbitals as the basis set is motivated by the ease
with which the orbitals are generated. However, it should be
noted that when we use DFT orbitals, the conventional rules
of the Brillouin theorem �which states that21 the singly ex-
cited determinants �	a

r� will not interact directly with the
reference determinant �	0�� are not applicable. Our prelimi-
nary studies have shown that the DFT basis is comparable to
the HF basis and far better than a noninteracting single-
particle basis.

The internal spin structure of the dot is analyzed using the
spin-spatial pair-correlation function g���. The function
g����r ,r�� is proportional to the probability of finding an
electron with spin z-component �� at the position r� given
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that another electron of spin � is present at r. It may be
defined as

g����r,r�� = �	�Ĝ����r,r���	� , �7�

where Ĝ����r ,r�� is the two-body correlation operator given
in configuration space by

Ĝ����r,r�� = �
i�j

��ri − r���si − ����r j − r����sj − ��� ,

�8�

with ri as the position and si as the spin variable �up or
down� of electron i. The many-body wave function �	� is
given in the CI representation by Eq. �5�. In the paper we
consider r as the fixed position of a reference electron with
spin � and the correlation function is conventionally plotted
as a function of the position and spin �r� ,��� of the second
electron. Thus, the first index of g��� indicates the spin of the
reference electron, which is fixed at the position r. We also
define the charge-charge correlation function as the spin-
summed pair-correlation function,

g = �
���

g���. �9�

A. Convergence

In all the CI calculations we test the convergence of en-
ergies, densities, and correlation functions as a function of
the number of orbitals taken in the single-particle basis set.
Table I shows the convergence of energies for two- and four-
electron quantum dots for a typical low-density regime �rs
�8�. The table shows the number of orbitals taken in the CI
expansion, resulting configurations, and corresponding ener-
gies. It can be seen that for the two-electron system 1600
configurations �40 orbitals� are sufficient to converge the en-
ergy to within �0.1 mHa���10−7 eV�. The equivalent con-
vergence for N=4 quantum dot requires at least 90 000 con-
figurations �25 orbitals�.

It is also interesting to determine the number of dominant
determinants �ND� required to construct more than 99% of
the densities and correlation functions. We do that by sorting

the coefficients �cI
2� of the determinants of CI ground-state

eigenvector.
Figure 1 shows a typical g↑↑ correlation function for N

=4, Sz=1 quantum dot at rs�8. The function is plotted along
the diagonal of the well for four different values of ND,
namely, ND=1, 10, 100 and using all determinants �i.e.,
57 500 in this particular case�. It can be seen that the differ-
ence between the correlation function with ND=100 and with
ND=all is hardly noticeable. Thus it may be concluded that
as few as 100 most dominant determinants successfully pro-
duce the correlation function. A similar convergence is also
observed for the other correlation function and also for den-
sity. Thus in general only the first few hundred dominant
Slater determinants are required to construct more than 99%
of correlation functions and densities.

Further we would like to mention that the conventional
HF-type determinant �where the lowest possible orbitals are
occupied� may not be the most dominating determinant. We
observe the contribution of the HF-type determinant to the
total charge density in high- and low-density regimes. Table
II shows such contributions for the four-electron quantum
dot with and without impurity. In the high-density regime the

TABLE I. Convergence of energies �in Ha�� for two- and four-electron quantum dots in two sections of
the table. In each sections the first row indicate the number of orbital considered for CI expansion and second
row shows the number of configurations generated out of corresponding orbitals.

N=2; Sz=0

Single particle orbitals 20 30 40 50 60

Configurations 400 900 1600 2500 3600

Energy �rs�8� 0.2121 0.2120 0.2120 0.2120 0.2120

N=4; Sz=0

Single particle orbitals 10 15 20 25 30

Configurations 2025 11025 36100 90000 189225

Energy �rs�8� 0.6244 0.6219 0.6203 0.6201 0.6201

6 12 18 24 30

A
rb

itr
ar

y
U

ni
ts

N =1 N =10D D

N =100,FullD

Diagonal Distance (a*)0

FIG. 1. �Color online� The g↑↑ correlation function generated
with four different values of terms. The functions are plotted along
the diagonal for four-electron quantum dot �Sz=1� at rs�8. The
reference electron is on the other diagonal line toward the corner
�not shown here�. Here ND=1 means the correlation function with
one Slater determinant and so on. It can be seen that the difference
between the correlations with all the determinants �ND=full� and
that with only 100 terms is so small that it is beyond the resolution
of the graph.
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HF-type determinant is the most dominant and 80%–90% of
the charge density is obtained only using this single determi-
nant. However, with increasing rs, its contribution diminishes
to �1% because of increasing correlations in the system.

III. RESULTS AND DISCUSSION

A. Pure system

Although our main emphasis in the paper is on the impu-
rity effects, to put the results in proper perspective we first
present the results for the pure system. We will also compare
these results with those obtained by our earlier SDFT
calculations9 wherever applicable.

We consider the four-electron quantum dot as a represen-
tative case, for which S2=1 , Sz=1 �i.e., three up and one
down electrons� is the ground state throughout the range of
the sizes studied. Figure 2 shows the total charge density for
two values of rs, namely, rs=1.5 �high density� and rs=8
�low density�.

In the high-density regime Fig. 2�a��, the charge density
is distributed throughout the well with four humps at the

corners. This is the well-known “Fermi-liquid” regime where
the electrons have high kinetic energy. As the dot expands in
size �that is, the density is lowered� the electrons lose their
kinetic energy and begin to localize owing to the Coulombic
repulsion, ultimately giving rise to the Wigner-molecule-like
state in the limit of large rs.

3,9,30–35 The beginning of the
formation of such a state can be seen in Fig. 2�b�, where the
emergence of four localized corner peaks is clearly seen. In
going from rs=1.5 to rs=8a0

�, the peak-to-valley ratio of the
charge density increases from about 1.8 to about 20. Such a
transition from delocalized charge density to a more local-
ized charge density is also seen from N=2 to N=6 electron
quantum dots. It may be noted that such transitions were also
seen in the SDFT studies9 and SDFT results have qualita-
tively shown the correct nature of the charge density.

To understand the spin distributions in the dot we analyze
the correlation functions g���. Figure 3 shows the g↑↑ pair
correlation for the high- and low-density regimes. The posi-
tion of the reference electron is marked by an arrow. In g↑↑
the absence of correlation function at the position of the ref-
erence electron illustrates the exchange hole. Further we plot
the spin density, which is defined to be the difference be-
tween the up and down charge densities, i.e., ��↑−�↓�. Figure
4 shows the spin density for the four electron dot at rs�8.
We recall that there are three up and one down electrons in
the system, giving Sz=1. The inspection of the spin density
in Fig. 4 shows that the net spin is thus distributed equally on
the four corner peaks.

We note that, since SDFT has the form of a mean-field
theory, it has limitations in the correlated region. The low-
density region �i.e., rs=8� is the region where the correla-
tions are significant and the CI method shows a substantial

TABLE II. The contribution of HF determinant to the total
charge density of the four-electron quantum dot. Observe that in
presence of impurity the contribution reduces to 0.18%

rs�1.5
�%�

rs�4
�%�

rs�8
�%�

Without impurity �84 �17 �1.2

With impurity �89 �2.5 �0.18

(b)

(a)

FIG. 2. �Color online� The total charge density ��a0
��−2� of four-

electron �Sz=1� quantum dot for �a� rs=1.5 and �b� rs=8. The four
prominent peaks in the low-density regime will eventually evolve
into the localized peaks of a Wigner-molecule-like state.

(b)

(a)

FIG. 3. �Color online� The pair correlation g↑↑ is plotted for N
=4 �S=1, Sz=1� in �a� high density �rs=1.5� and �b� low density
�rs=8�. The arrows show the position of reference electron.
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difference in the amount of localization. To illustrate the
point, we plot the total charge density along the diagonal of
the square well for the high- and low-density regions using
SDFT and CI, which is shown in Fig. 5. It can be seen from
the figure that in the high-density regime the SDFT and CI
charge densities are nearly identical. However, in the low-
density regimes the CI density can be seen to be sharper than
those of SDFT. The peaks of the CI density are about 20%
higher than SDFT, showing more localization of density. In
general, for the systems under investigation, SDFT underes-
timates the localization effects seen in correlated regimes.

1. Inhomogeneities in correlations

In a recent work, Ghosal et al.14 have studied the effects
of correlations on the circular quantum dot using the diffu-
sion quantum Monte Carlo technique �for up to 20 elec-
trons�. They showed that the increasing electron-electron in-
teraction leads to angular inhomogeneities in the charge

density. They have attributed such inhomogeneities to corre-
lation effects.

To analyze such inhomogeneities, we examine the five-
electron quantum dot in low-density regime �rs�8�, where
the correlation effects are more dominant. Figure 6 shows the
charge-charge correlations g for the same quantum dot. The
clear oscillatory pattern is also seen in the spin-spatial pair
correlations. It is clear that correlation-induced inhomogene-
ities are also seen at such low electron count and are a ge-
neric feature of quantum dots.

2. Excited states

One of the advantages of using the CI method over other
methods such as Monte Carlo is that it provides access to the
excited states of the system. This has been harnessed by a
variety of authors for a variety of systems including quantum
dots. Reimann et al.31 studied the excited states of a para-
bolic quantum dot in the Wigner localization regime. They
have examined the eigenvalue spectra of a six-electron quan-
tum dot as a function of rs and analyzed the evolution of the
same. They have observed that the fully polarized state of the
six-electron parabolic quantum dot moves substantially
closer to the unpolarized ground state, although they do not
observe any crossing of the two. In a recent interesting ex-
periment Kalliakos et al.20 observed rotovibrational modes
indicating that the such molecular excitations develop on the
onset of short-range correlations occurring even at rs�1.71.

We discuss the excited states with the example of the
two-electron quantum dot. Figure 7 shows the first ten eigen-
values for a two-electron quantum dot �spin-singlet ground
state� in three different density regions, namely, rs�1.5, rs
�5, and rs�14. The figure also shows the total spin quan-
tum number S of the individual states. A double notation
such as “0, 0” or “1, 1” indicates a doubly degenerate S=0 or
1 state, respectively. In all the density regimes, the ground
state of the dot remains a spin singlet, as expected.

It should be noted that as rs increases the eigenspectrum
becomes compressed. For instance, the spread of the first ten
eigenvalues in Fig. 7 changes from 1.98 Ha� �rs=1.5a0

�� to
0.024 Ha� �rs=14a0

��. This is because in the low-density re-
gime the electrons lose their kinetic energy and the dominant
energy is Coulombic. The ordering of the spins and degen-
eracies shown in Fig. 7 changes as rs increases, implying that
there have been level crossings or anticrossings as rs
changes. For example, while the first-excited level remains a

FIG. 4. �Color online� The spin density ��↑−�↓� for four-
electron �three up and one down� dot at low density shows that the
excess spin is clearly distributed on the four peaks.

(b)

(a)

FIG. 5. �Color online� The total charge densities ��a0
��−2�, plotted

along the diagonal of the well, for four-electron quantum dot. The
densities are plotted for two different densities, �a� rs�1.5 and �b�
rs�8, using CI and SDFT methods. At low densities it is evident
that SDFT underestimates the localization.

FIG. 6. �Color online� Charge-charge correlation for N=5 �Sz

=1 /2, rs=8� shows the formation of small inhomogeneous humps
along walls of the quantum dot. �The arrow shows the position of
the reference electron.�
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doubly degenerate triplet, a doubly degenerate singlet moves
from being the second excited level at rs=1.5a0

� to the third
excited level at rs=5a0

� and the fourth excited level at rs
=14a0

�.
The effect of Coulombic interaction can also be seen in

the charge densities. We plot the charge densities of the ex-
cited states for the same system �N=2, Sz=0� in Fig. 8. The
left-hand panel of the figure shows the first few excited states
from the high-density region �rs�1.5�, while the right-hand
panel shows those from the low-density region �rs�14�. The
topmost row, which is the ground state of the system, clearly
shows the transition from Fermi liquid to a more localized
state, as discussed earlier.

It is interesting to observe the nature of the charge densi-
ties for the first and second excited states in the high-density
regime �second and third rows of the left-hand panel of Fig.
8�. The first and second excited states are degenerate and
together they follow the rotational symmetry of the well. A
peculiar case is that of the localization along the wall only as
seen in the seventh excited state Fig. 8�.

However, while the high-density regime shows a variety
of charge distributions and nodal structures, in the low-
density regime the charge densities of the first several ex-
cited states are all very similar to that of the ground state and
consist of four humps near the four corners of the square
well. This feature can be understood qualitatively as a con-
sequence of the localization of the electrons.

On the basis of the detailed symmetry adopted CI calcu-
lations it has been noted by Kalliakos et al.20 that for low
densities the low-lying excited states of parabolic quantum
dot can be described by a rigid rotator. An analogous idea
should apply here, except that the notion of rotational states
must be modified to take account of the fourfold rather than
continuous rotational symmetry. Nevertheless, it is reason-
able to expect that the first few low-lying states should all
have the same underlying localization pattern but differ only
in terms of the various rotational quantum numbers that are
appropriate for the system. Interestingly, in the square-well
case, the pattern of the localization is seen to be strongly
influenced by the geometry of the confining potential. This
feature at low density is a general feature and can be seen for
all the systems under investigation �N=2 to N=6 electron
quantum dots�.

B. Impurity in the quantum dot

We now examine the effects of an impurity on the quan-
tum dot and contrast these results with the pure system. Fig-
ure 9 shows the ground state �S2=1 , Sz=1� charge densities
for N=4 electron system for the high- and low-density re-
gions Figs. 9�a� and 9�c��. For the sake of clarity, the zoom
of the lower part of the figure is shown in the right-hand
panel Figs. 9�b� and 9�d��.

It is evident from Fig. 9 that the presence of the attractive
potential has modified the charge density significantly by ac-
cumulating the charge at the center. Note that the small
humps seen in the high-density regime will eventually local-
ize to form Wigner-molecule-like systems in the low-density
regime.

The parameters of the impurity are such that in the low-
density regime there is always one unit of charge around the
impurity site. �The charge inside the impurity is calculated
by constructing a circle of radius r centered on the impurity
and integrating the charge inside it, where r is taken to be of
the order of the width of the impurity.� Thus the central peak
of the charge density is due to the impurity and the charge
outside the impurity site undergoes the transition from a de-
localized to a localized state. However, the presence of
charge at the impurity site pushes the remaining charge out-
ward making it more localized and sharper than in the pure
case.

The effect of the impurity can be analyzed further by
means of the correlation functions. Figure 10 shows the pair-
correlation functions g↑↑ and g↑↓ for a four-electron quantum
dot in two different density regimes. Let us recall that the
calculation is for three up and one down electrons and the up
electron is the reference electron, which is fixed at the center
of the dot �at the impurity site�.

The up-up correlations g↑↑ show a void at the center irre-
spective of the dot size, which is just the exchange hole due
to the Paul exclusion principle. The pair function g↑↑ also
shows the higher degree of localization in the low-density
regime, which is expected. As seen from Fig. 10, while the
up-up correlation remains qualitatively unchanged as a func-
tion of rs, the up-down correlation has a different character.

In the high-density regime, one sees a prominent peak in
g↑↓ around the impurity �Fig. 10�. This is the density regime
where electrons have high kinetic energy and electrons in the
well can overcome the Coulombic repulsion to overlap with
the impurity site. The correlation function peaks at the im-
purity site and is dominated by the impurity potential.

On the other hand, as the dot size increases, the central
spin-down electron is expelled from the impurity site owing
to the Coulomb correlations and localizes on the corners of
the well. As a consequence, the impurity site progressively
acquires a net magnetic moment due to the presence there of
just a single electron. This is reflected in the up-down corre-
lations of the low-density regime by the absence of the cor-
relation function at the reference cite. It may be noted that
the impurity site changes from nonmagnetic to completely
magnetic as rs increases. This result is general and holds
good for the dot containing six electrons also.

An interesting observation to be noted from Fig. 10 is that
in the low-density region the up-up and the up-down corre-

FIG. 7. Eigenvalue spectra of a two-electron quantum dot
shown in three density regimes: �a� high density �rs�1.5�, �b� in-
termediate density �rs�5�, and �c� low density �rs�14�. The total
spin quantum number S of the corresponding state is shown; a
double notation such as 0, 0 indicates a pair of degenerate levels.
Note that the energy scales of the three regimes are different.
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(b)

(c) (d)

(e)

(g) (h)

(j)

(a)

(f)

(i)

FIG. 8. �Color online� Total
charge density ��a0

��−2� of excited
states of two-electron quantum dot
�S=0, Sz=0�. Left-hand panel
shows the excited states in high-
density regime and the right-hand
side shows that in low-density re-
gimes. �a�, �b� Ground state; �c�,
�d� first excited state; �e�, �f� sec-
ond excited state; �g�, �h� fifth ex-
cited state; �i�, �j� seventh excited
state. In the low-density regime
the states can be seen to have al-
most identical charge density.
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lations appear qualitatively similar. This can also be regarded
as the effect of the domination of the Coulombic energy over
other contributions to the energy, including the exchange in-
teraction. In such a low-density regime, the eigenspectrum is
nearly degenerate, which makes it difficult to determine the
exact S2 , Sz state of the ground state for large values of rs.

It is instructive to analyze the nature of the magnetic or-
dering in the quantum dots as a function of number of elec-
trons. In the high-density regime, there is no magnetic order,
in the sense that the spin density is everywhere zero for Sz
=0, while for Sz�0 it follows the charge density. On the

other hand, in the low-density regime, the localized peaks
acquire a net magnetic moment depending upon the number
of electrons, as we now discuss.

The two-electron quantum dot �S=0, Sz=0� has one up
and one down electrons and shows very interesting nature in
low density. We have calculated and examined the spin-
correlation function g↑↓, with the reference electron �say up�
at the center of the dot. Correlation function shows identical
features as seen for four-electron case Fig. 10�d��, namely,
zero value around the center and the four distinct peaks at the
corners. Evidently in this region, if the up electron is local-

(b)

(c) (d)

(a)

FIG. 9. �Color online� The to-
tal charge density ��a0

��−2� for N
=4, Sz=1 quantum dot is shown.
The upper row shows the charge
density at rs�1.5 with bottom
section zoomed on right side.
Similar picture for low charge
density �rs�8� regime is shown
in the lower row.

(b)(a)

(c) (d)

FIG. 10. �Color online� g↑↑
and g↑↓ correlations for four-
electron quantum dot in two dif-
ferent density regimes. The refer-
ence electron is located at the
center of the dot and is marked
with the arrow. Observe the dras-
tic change in the behavior of g↑↓.
The impurity site changes its na-
ture from nonmagnetic to mag-
netic as the size of dot is changed.
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ized on the impurity, then the down electron forms four lo-
calized peaks near the corners of the well. Thus each of these
external peaks carries �1 /4��B in the opposite direction to
the impurity moment. The outer peaks now have an antifer-
romagneticlike coupling to the impurity.

On adding a third electron to the system, one finds a
ground state with two up and one down electrons �Sz=1 /2�,
with the up electron trapped at the impurity and as a conse-
quence a net zero magnetic moment �spin compensation� on
the outer peaks. This is illustrated in Fig. 11�a�. The figure
shows the spin density for N=3, where the sharp peak is due
to the trapped electron and the zero-spin density everywhere
else depicts the spin compensation.

Adding one further electron results in a four-electron
quantum dot, which has three up and one down electrons in
its ground state �S=1, state with maximum Sz=1�. Figure
11�b� shows the spin density for this case. This extra spin-up
electron is distributed on the localized peaks resulting in a
net spin-up magnetic moment of �1 /4��B on each peak.

The system thus tends to have the distribution for the
ground state which minimizes the total magnetic moment on
the external peaks. This holds true also for the quantum dot
with N=5 �three up and two down�, where the external peaks
have zero magnetic moment. Similarly, for the six-electron
quantum dot, the external peaks have a net down magnetic
moment of �1 /4��B. Thus, as a function of the number of
electrons, the magnetic moment on the four external peaks
fluctuates. It is worth pointing out that for N=2–6 it is al-
ways the up electron that is trapped at the impurity site in the
ground state with maximum Sz.

1. Comparison of SDFT and CI

At this stage it is worth comparing the SDFT results9 with
those obtained by CI. It should be noted that the qualitative
picture of total charge density emerged out of SDFT is cor-
rect even in case of impurity. In many cases the SDFT is able
to show the antiferromagneticlike coupling seen in CI. How-
ever the amount of localization differs as shown in Fig. 5.
Upon introduction of the impurity the SDFT tends to show
several broken-symmetry states, while CI produces
symmetry-preserved solutions, as expected. Unlike SDFT,
the CI approach also provides the ability to probe the excited
states of the system, which we shall present in Sec. III B 2.

2. Excited states

We now discuss the effect of an impurity on the excited
state of the system. Figure 12 shows the evolution of the
eigenvalue spectrum as a function of rs. If we compare the
nature of the eigenvalue spectrum in the high-density regime
with that of pure case, we notice that the structure is largely
unchanged, although the spectrum itself is lowered in energy
because of the presence of attractive potential at the center.

However, as rs increases, the effect of the impurity be-
comes significant. Two striking features emerge. First, the
doubly degenerate states, whether spin singlet or triplet,
move up in the spectrum as rs increases and the lowest-lying
states consist of nondegenerate states only. Second, pairs of
states with S=0 and S=1 become nearly degenerate. In the
extremely low-density regime there is hardly any overlap
among the electronic wave functions of the localized elec-
trons. In consequence, the exchange interaction becomes
very small. The singlet-triplet splitting is thus reduced to
such an extent that even the ground state is �nearly� degen-
erate with the first-excited state ��E�1 mHa��. The case of
rs=8 is intermediate with a weak singlet-triplet splitting ob-
served in the ground state.

It is instructive to study the charge densities of corre-
sponding eigenstates. Figure 13 shows two panels containing
the charge densities of a few excited states of a two-electron
quantum dot. The left-hand panel shows the densities from

(b)

(a)

FIG. 11. �Color online� Spin-density plots for �a� N=3 and �b�
N=4. The central peaks are cropped for the sake of clarity. Observe
that in both the cases the central site is occupied by the one up
electron resulting in sharp peak seen. For three-electron case the
spin density is numerically zero everywhere else. On the other
hand, for four-electron case all the four corners of the well have the
net up magnetic moment of �1 /4��B.

(a) (b) (c)

FIG. 12. Eignenvalue spectra of the two-electron quantum dot
with impurity for three density regimes, namely, rs�1.5, 8, and 14.
The number next to the states indicates the total spin quantum num-
ber S. A double notation 0, 0 or 1, 1 denotes a pair of degenerate
levels with the indicated spin, while “0, 1” denotes a pair of nearly
degenerate levels �see text�. There is a clear bunching of S=0, 1
pairs in low-density regimes. Such a feature was absent in the pure
case �no impurity�.
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(a) (b)

(c) (d)

(j)
(i)

(h)(g)

(f)(e)

FIG. 13. �Color online� Total
charge density ��a0

��−2� of excited
states of two-electron quantum dot
�S=0, Sz=0�. The central peak is
cropped for the sake of clarity.
Left-hand panel shows high-
density regime, while the right-
hand panel shows the low density.
�a�, �b� Ground excited state; �c�,
�d� first excited state; �e�, �f�
fourth excited state; �g�, �h� sixth
excited state; �i�, �j� eighth excited
state. The single electron is
trapped inside the impurity �at the
center�. The remaining electron
displays a variety of charge distri-
bution due to the nodal structure
of the wave function.
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high-density regime �rs�1.5� and the right-hand panel
shows the same for the low-density �rs�14� regime. It
should be noted that except for the ground state, the presence
of level crossings means that the states shown in each row of
the figure may not be adiabatically related to each other as rs
varies from high to low density. In all the figures, the peak of
the impurity is cropped for the sake of clarity.

The high-density regime is clearly dominated by the pres-
ence of the impurity, which covers a substantial area. The
charge density at high energy shows sharp features in the
outer region �particularly the sixth and eighth excited states�
that were absent in the pure quantum dot. Analogous features
are present more clearly as side peaks in the low-density
regime. To understand these side peaks, we recall that at low
density one of the two electrons localizes into the impurity
well, while the other remains outside. The low-lying excited
states of the two-electron system at low density then corre-
spond to the excited states of this outer electron, which
moves in a net potential equal to the sum of the square-well
confining potential and the Coulomb repulsion from the cen-
tral electron. There is also a spin coupling between the cen-
tral and outer electron, which as discussed above leads to
nearly degenerate singlet and triplet states, S=0 and S=1. In
the ground state �S=0� of the outer electron has four peaks
�of charge e /4� symmetrically in each of the corners; the
first-excited state is the S=1 coupling of the same one-
electron states. Higher excited states of the outer electron
show additional nodes. In the fourth excited state, the nodes
follow an approximately ringlike pattern, located in the re-
gion between the outer hard-wall potential of the square well
and the inner impurity electron. In higher states such as the
eighth excited state, the nodal structure becomes two dimen-
sional, that is, extending toward the center of the dot as well
as around the walls. At high density �left-hand panel in Fig.
13�, a less distinct version of these confinement peaks is also
evident in the density near the edge of the well.

The nature of the excited states for the two-electron case
is thus dominated by the nodal structure of the wave func-
tions. However, we also note that this variation in excited
states is unique to the N=2 case. With increased number of
electrons, the total charge density of the lowest-lying states
does not show such a distinctive feature.

IV. CONCLUSION

In this work we have investigated the electronic structure
of square quantum dots containing an attractive impurity at

the center. The calculation has been carried out for two to six
electrons using the full CI technique. We have used the
Kohn-Sham single-particle orbitals for the construction of
the many particle wave function.

As expected, in the pure system we observe the beginning
of the transition toward a Wigner-molecule-like state at low
density. The effect of correlations is seen in the enhancement
of the localization of charge densities ��20%� as compared
to that obtained from SDFT calculations. We also find signa-
tures of correlation-induced inhomogeneities as reported by
Ghosal et al.14 in their quantum Monte Carlo work. We also
discussed the excited states of pure quantum dots.

Our correlation analysis shows that the character of the
impurity changes from nonmagnetic to magnetic as the size
of the dot is increased. At large rs, a single spin-up electron
is trapped in the impurity well. In this case, we observe the
localized magnetic moments at five sites, namely, four cor-
ners and one impurity site. For the two-electron case, the
surrounding �down� localized spins are coupled to the impu-
rity in antiferromagnetic ordering.

The charge densities of excited states of the two-electron
dot in the presence of the impurity show a variety of charge
distributions. Such distributions can be understood in terms
of the confinement effect on the outer electron, with the other
electron localized at the impurity site.

Interestingly, we observe that only a small fraction �typi-
cally of the order of a few hundreds� of the total number of
configurations �Slater determinants� contribute to properties
such as the charge density and the correlation functions. In
the strongly correlated regime, the contributions to the
charge density and the correlation functions of the Hartree-
Fock-type determinant, that is, obtained by occupying the
lowest-energy states, are almost negligible.

The comparison of CI with SDFT shows that the qualita-
tive nature of the results is well produced by the SDFT.
However, in the strongly correlated regime, SDFT underes-
timates the localizations.
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